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Abstract. The purpose of this paper is to define generalized twisted q-Bernoulli numbers by using p-
adic q-integrals. Furthermore, we construct a q-analogue of the p-adic generalized twisted L-functions which
interpolate generalized twisted q-Bernoulli numbers. This is the generalization of Kim’s h-extension of p-adic
q-L-function which was constructed in [5] and is a partial answer for the open question which was remained
in [ 3 ] .
§1. Introduction
Let us denote N,Z,Q,R,C sets of positive integer, integer, rational, real and complex numbers
respectively. Let p be prime and x ∈ Q. Then x = pv(x)m
n
, where m,n, v = v(x) ∈ Z, m and n are not
divisible by p. Let |x|p = p
−v(x) and |0|p = 0. Then |x|p is valuation on Q satisfying
|x+ y|p ≤ max{|x|p, |y|p}.
Completion of Q with respect to | · |p is denoted by Qp and called the field of p-adic rational numbers.
Cp is the completion of algebraic closure of Qp and Zp = {x ∈ Qp | |x|p ≤ 1} is called the ring of p-adic
rational integers(see [1,2,10,12,16]).
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2 ON A q-ANALOGUE OF THE p-ADIC TWISTED L-FUNCTIONS · · ·
Let l be a fixed integer and let p be a fixed prime number. We set
X = lim←−
N
(Z/lpNZ),
X∗ =
⋃
0<a<lp
(a,p)=1
(a+ lpZp),
a+ lpNZp = {x ∈ X | x ≡ a (mod lp
N )},
where N ∈ N and a ∈ Z lies in 0 ≤ a < lpN , cf. [3,7,8,9].
When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex
number q ∈ C, or a p-adic number q ∈ Cp. If q ∈ C, one normally assumes |q| < 1. If q ∈ Cp,
then we assume |q − 1|p < p
− 1
p−1 , so that qx = exp(x log q) for each x ∈ X . We use the notation as
[x] = [x; q] = 1−q
x
1−q
for each x ∈ X . Hence limq→1[x] = x, cf.[4, 16, 18, 19, 20]. For any positive integer
N, we set
µq(a+ lp
NZp) =
qa
[lpN ]
, cf. [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] ,
and this can be extended to a distribution onX . This distribution yields an integral for each nonnegative
integer n (see [7]) : ∫
Zp
[x]n dµq(x) =
∫
X
[x]n dµq(x) = βn(q),
where βn(q) are the n-th Carlitz’s q-Bernoulli number, cf. [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14].
In the paper [17], Koblitz constructed p-adic q−L−function which interpolates Carlitz’s q-Bernoulli
number at non-positive integers and suggested two questions. One of these two questions was solved by
Kim (see [7]). In fact, Kim constructed p-adic q-integral and proved that Carlitz’s q-Bernoulli number
can be represented as an p-adic q-integral by the q-analogue of the ordinary p-adic invariant measure.
And also Kim is constructed a h-extension of p-adic q−L−function which interpolates the h-extension
of q-Bernoulli numbers at non-positive integers (see [5, 6, 7, 6, 9, 10, 11, 12, 13, 14]). In [5, 12, 13],
Kim constructed p-adic q-L-functions and he studied their properties . In [5], Kim introduced the
h-extension of p-adic q-L-functions and investigated many interesting physical meaning. Also, In [15,
16], Koblitz defined p-adic twisted L-functions , and he constructed p-adic measures and integrations.
And also Kim et al [3] constructed a q-analogue of the twisted Dirichlet’s L-function which interpolated
the twisted Carlitz’s q-Bernoulli numbers, and they remained an open question in [3] as follows:
Find q-analogue of the p-adic twisted L-function which interpolates q-Bernoulli numbers β
(h)
m,w,χ(q),
by means of a method provided by Kim, cf. [5].
In this paper, we will construct the ”twisted” p-adic generalized q − L−functions and generalized
q-Bernoulli numbers to be a part of answer for the question which was remained by Kim et al in [3]
by means of the same method provided by Kim in [5: p.98]. In section 2, we construct generalized
twisted q-Bernoulli polynomials by using p-adic q-integrals by the same method of Kim, cf. [ 3, 5, 12,
13, 14, 20, 21, 22, 23]. We prove a formula between generalized twisted q-Bernoulli polynomials which
is regarded as a generalization of Witt’s formula for Carlitz’s q-Bernoulli polynomials in [5, Eq (5.9)],
[13] and [7, Theorem 2]. This means that the q-analogue of generalized twisted q-Bernoulli numbers
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occur in the coefficients of some stirling type series. We also give construction of the distribution of the
p-adic generalized twisted q-Bernoulli distribution. In section 3, we define the p-adic generalized twisted
L-function and construct a q-analogue of the p-adic generalized twisted L-function which interpolate
generalized twisted q-Bernoulli numbers on X . This result is related as a generalization of a q-analogue
of the p-adic L-function which interpolate Carlitz’s q-bernoulli numbers in [5, 11, 12, 13], of p-adic
generalized L-function which interpolates the h-extension of q-Bernoulli numbers at non-positive integers
in [5, 6, 7].
§2. Generalized twisted q-Bernoulli polynomials
In this section, we give generalized twisted q-Bernoulli polynomials by using p-adic q-integrals on
X . Let UD(X) be the set of uniformly differentiable functions on X . For any f ∈ UD(X), T. Kim
defined a q-analogue of an integral with respect to an p-adic invariant measure in [5] which is called
p-adic q-integral. The p-adic q-integral was defined as follows:
Iq(f) =
∫
X
f(x) dµq(x)
= lim
N→∞
1
[lpN ]
∑
0≤x<lpN
f(x)qx,
(1)
cf. [4,5,6,7,8]. Note that
I1(f) = lim
q→1
Iq(f) =
∫
X
f(x) dµ1(x)
= lim
N→∞
1
lpN
∑
0≤x<lpN
f(x),
(2)
and that
I1(f1) = I1(f) + f
′(x), (3)
where f1(x) = f(x+ 1).
Let Tp = ∪n≥1Cpn = limn→∞ Z/p
nZ, where Cpn = {ξ ∈ X | ξ
pn = 1} is the cyclic group of order
pn, see [9]. For ξ ∈ Tp, we denote by φξ : Zp → Cp the locally constant function x 7→ ξ
x. If we take
f(x) = φξ(x)eξ
tx, then we have that∫
X
etxφξ(x)dµ1(x) =
t
wet − 1
, (4)
cf. [5,8]. It is obvious from (3) that
∫
X
etxχ(x)φξ(x)dµ1(x) =
∑l
a=1 χ(a)φξ(a)e
at
ξlelt − 1
. (5)
Now we define the analogue of Bernoulli numbers as follows:
ext
t
ξet − 1
=
∞∑
n=0
Bn,ξ(x)
tn
n!
∑l
a=1 χ(a)φξ(a)e
at
ξlelt − 1
=
∞∑
n=0
Bn,ξ,χ
tn
n!
,
(6)
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cf. [5,8]. By (4), (5) and (6), it is not difficult to see that∫
X
xnφξ(x) dµ1(x) = Bn,ξ (7)
and ∫
X
χ(x)xnφξ(x) dµ1(x) = Bn,ξ,χ. (8)
From (7) and (8) we consider twisted q-Bernoulli numbers by using p-adic q-integral on Zp. For
ξ ∈ Tp and h ∈ Z, we define twisted q-Bernoulli polynomials as
β
(h)
m,ξ(x, q) =
∫
Zp
q(h−1)yξy[x+ y]mdµq(y). (9)
Observe that
lim
q→1
β
(h)
m,ξ(x, q) = Bm,ξ(x).
When x = 0, we write β
(h)
m,ξ(0, q) = β
(h)
m,ξ(q), which are called twisted q-Bernoulli numbers. It follows
from (9) that
β
(h)
m,ξ(x, q) =
1
(1− q)m−1
m∑
k=0
(
m
k
)
qxk(−1)k
k + h
1− qh+kξ
. (10)
The Eq.(10) is equivalent to
β
(h)
m,ξ(q) = −m
∞∑
n=0
[n]m−1qhnξn − (q − 1)(m+ h)
∞∑
n=0
[n]mqhnξn. (11)
From (9), we obtain the below distribution relation for the twisted q-Bernoulli polynomials as follows.
In fact, the proof of Lemma 1 is similar to the proof of Lemma 2 with χ = 1.
Lemma 1. For n ≥ 1, we have
β
(h)
n,ξ(x, q) = d
n−1
d−1∑
a=0
ξaqhaβ
(h)
n,ξd
(
a
d
, qd).
For ξ ∈ Tp and h ∈ X , we define generalized twisted q-Bernoulli polynomials as
β
(h)
n,ξ,χ(x, q) =
∫
X
χ(y)q(h−1)yξy[x+ y]ndµq(y). (12)
Observe that when χ = 1,
β
(h)
n,ξ,1(x, q) =
∫
X
q(h−1)yξy[x+ y]ndµq(y) = β
(h)
n,ξ(x, q) (13)
and
lim
q→1
β
(h)
n,ξ,χ(x, q) =
∫
X
χ(y)ξy[x+ y]ndµ1(y) = B
(h)
n,ξ,χ(x), (14)
where β
(h)
n,ξ(x, q) is a twisted q-Bernoulli polynomial and B
(h)
n,ξ,χ(x) is a generalized Bernoulli polynomial.
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Lemma 2. For any n ≥ 1, we have
β
(h)
n,ξ,χ(x, q) = [l]
n−1
l−1∑
a=0
χ(a)ξaqhaβ
(h)
n,ξl,χl
(
a+ x
l
, ql). (15)
Proof. For each n ∈ N, we have
β
(h)
n,ξ,χ(x, q) =
∫
X
χ(y)q(h−1)yξy[x+ y]ndµq(y)
= lim
N→∞
lpN−1∑
x1=0
χ(x1)ξ
x1 [x+ x1]
nµq(x1 + lp
NZp)
= lim
N→∞
1
[lpN ]
lpN−1∑
x1=0
χ(x1)ξ
x1 [x+ x1]
nqx1
= [l]n−1
l−1∑
a=0
χ(a)qhaξa lim
N→∞
1
[pN : ql]
pN−1∑
m=0
(ql)(h−1)m(ξl)m[
x+ a
l
+m : ql]n(ql)m
= [l]n−1
l−1∑
a=0
χ(a)ξaqhaβ
(h)
n,ξl,χl
(
a+ x
l
, ql).
We note that when x = 0, we have the distribution relation for the generalized twisted q-Bernoulli
numbers as follows: for n ≥ 1,
β
(h)
n,ξ,χ(q) = β
(h)
n,ξ,χ(0, q) = [l]
n−1
l−1∑
a=0
χ(a)ξaqhaβ
(h)
n,ξl
(
a
l
, ql) (16)
and that when x = 0 and q = 1, we have the distribution relation for the generalized twisted Bernoulli
numbers as follows: for n ≥ 1,
β
(h)
n,ξ,χ = β
(h)
n,ξ,χ(1) = l
n−1
l−1∑
a=0
χ(a)ξaβ
(h)
n,ξl
(
a
l
) (17)
and that when x = 0 and χ = 1, we have the distribution relation for the twisted q-Bernoulli polynomials
as follows : for n ≥ 1,
β
(h)
n,ξ(0, q) = β
(h)
n,ξ,1(q) = [l]
n−1
l−1∑
a=0
ξaqhaβ
(h)
n,ξl
(
a
l
, ql). (18)
Lemma 1 and Lemma 2 are important for the construction of the p-adic generalized twisted q-
Bernoulli distribution as follows.
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Theorem 3. Let q ∈ Cp. For any positive integers N, n and l, let µ
(h)
n,ξ be defined by
µ
(h)
n,ξ(a+ lp
NZp) = [lp
N ]n−1qhaξaβ
n,ξlp
N (
a
lpN
, qlp
N
).
Then µ
(h)
n,ξ extends uniquely to a distribution on X.
Proof. It is suffices to show
p−1∑
i=1
µ
(h)
n,ξ(a+ ip
N + pN+1Zp) = µ
(h)
n,ξ(a+ p
NZp).
Indeed, Lemma 1 and the definition of µ
(h)
n,ξ imply that
p−1∑
i=1
µ
(h)
n,ξ(a+ ip
N + pN+1Zp)
=
p−1∑
x=0
[pN+1]n−1qh(a+xp
N )ξa+xp
N
β
(h)
n,ξp
N+1 (
a+ xpN
pN+1
, qp
N+1
)
= [p]n−1qhaξa[pN : qp]n−1
p−1∑
x=0
(qp
N
)xh(ξp
N
)xβ
(h)
n,(ξp
N
)p
(
a
pN
+ x
p
, (qp
N
)p)
= [p]n−1qhaξaβ
(h)
n,ξp
N (
a
pN
, qp
N
)
= µ
(h)
n,ξ(a+ p
NZp).
§3. A q-analogue of the p-adic twisted L-functions
Let α ∈ X∗, α 6= 1, n ≥ 1. By the definition of µ
(h)
n,ξ,χ, we easily see :
∫
X
χ(x)dµ
(h)
n,ξ(x) = β
(h)
n,ξ,χ(q)∫
pX
χ(x)dµ
(h)
n,ξ(x) = [p]
n−1χ(p)β
(h)
n,ξp,χ(q
p)
∫
X
χ(x)dµ
(h)
n;q
1
α ,ξ
1
α
(αx) = χ(
1
α
)β
(h)
n,ξ
1
α ,χ
(q
1
α )
∫
pX
χ(x)dµ
(h)
n;q
1
α ,ξ
1
α
(αx) = [p; q
1
α ]n−1χ(
p
α
)β
(h)
n,ξ
p
α ,χ
(q
p
α ).
(19)
For compact open set U ⊂ X , we define
µ
(h)
n;q,α,ξ(U) = µ
(h)
n;q,ξ(U)− α
−1[α−1; q]n−1µ
(h)
n;q
1
α ,ξ
1
α
(U). (20)
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By the definition of µ
(h)
n;q,ξ and (19), we note that
∫
X∗
χ(x)dµ
(h)
n;q,α,ξ(x) = β
(h)
n,ξ,χ(q)− [p]
n−1χ(p)βn,ξp,χ(q
p)
−
1
α
[
1
α
]n−1χ(
1
α
)β
(h)
n,ξ
1
α ,χ
(q
1
α )
+
1
α
[
p
α
]n−1χ(
p
α
)β
(h)
n,ξ
p
α ,χ
(q
p
α )
= (1− χp)(1−
1
α
χ
1
α )β
(h)
n,ξ,χ,
(21)
where the operator χy = χy,n;q,ξ on f(q, ξ) defined by
χyf(q, ξ) = [y]n−1χ(y)f(qy, ξy), χxχy = chix,n;q
y,ξy ◦ χy,n;q,ξ.
Let x ∈ X . We recall that {x}N denote the least nonnegative residue (mod lp
N ) and that if [x]N =
x− {x}N , then [x]N ∈ lp
NZp. Now we can define in [5] as follows:
µ
(h)
Mazur,1,α(a+ lp
NZp) = (
1
α
− 1
h+ 1
+
h
α
·
[aα]N
lpN
).
By the same method of Kim in [5], we easily see:
lim
N→∞
µ
(h)
n;q,α,ξ(a+ lp
NZp)
= lim
N→∞
[l]n−1((h+ n)q(h+1)a − hqa)ξa(
1
α
− 1
h+ 1
+
h
α
·
[aα]N
lpN
).
(22)
Thus we have
µ
(h)
n;q,α,ξ(x) = [x]
n−1((h+ n)q(h+1)x − hqxh)ξxµ
(h)
Mazur,1,α(x). (23)
Theorem 4. µ
(h)
n;q,α,ξ are bounded Cp-valued measure on X for all n ≥ 1 and α ∈ X
∗, α 6= 1.
Now we define < x >=< x; q >= [x; q]/w(x), where w(x) is the Teichmu¨ller character. For |q−1|p <
p−
1
p−1 , we note that < x >p
N
≡ 1(mod pN ). By (21) and (23), we have the following:
∫
X∗
χn(x)dµ
(h)
n;q,αξ(x)
=
∫
X∗
χn(x)[x]
n−1((h+ n)q(h+1)x − hqxh)ξxµ
(h)
Mazur,1,α(x)
=
∫
X∗
((h+ n)q(h+1)x − hqxh) < x >n−1 ξxχ1(x)µ
(h)
Mazur,1,α(x)
(24)
where χn(x) = χw
−n(x). By using (24), we can construct a q-analogue of p-adic generalized twisted
L-function.
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Definition 5. For fixed α ∈ X∗, α 6= 1, we define a h-extension of p-adic generalized twisted L-function
as follows;
L
(h)
p,q,ξ(s, χ) =
1
1− s
∫
X∗
((h+ 1− s)q(h+1)x − hqhx)ξx < x >−s χ1(x)dµ
(h)
Mazur,1,α(x), (25)
for s ∈ X.
Theorem 6. For each s ∈ Zp and α ∈ X
∗, α 6= 1, we have
L
(h)
p,q,ξ(s, χ) =
1− s+ h
1− s
(q − 1)
∞∑
n=1
∗
qnhξnws−1(n)
[n]s−1
χ(n)(
1
α
− 1
h+ 1
+
h
α
·
[nα]N
lpN
)
+
∞∑
n=1
∗
qhnξn[n]−sws−1(n)χ(n)(
1
α
− 1
h+ 1
+
h
α
·
[nα]N
lpN
).
(26)
where
∑∞
n=1
∗
means to sum over the rational integers prime to p in the give range.
Proof. For each s ∈ Zp and x ∈ X
∗, we have
(h+ 1− s)q(h+1)x − hqhx = hqhx(qx − 1) + (1− s)qxqhx
= (q − 1)qhx[x](h+ 1− s) + qhx(1− s).
Thus
1
1− s
∫ ∗
X
((h+ 1− s)q(h+1)x − hqhx)ξx < x >−s χ1(x)dµ
(h)
Mazur,1,α(x)
=
1
1− s
∫ ∗
X
[(q − 1)qhx[x](h+ 1− s) + qhx(1− s)]ξx < x >−s χ1(x)dµ
(h)
Mazur,1,α(x)
=
1− s+ h
1− s
(q − 1)
∞∑
n=1
∗
qnhξnws−1(n)
[n]s−1
χ(n)(
1
α
− 1
h+ 1
+
h
α
·
[nα]N
lpN
)
+
∞∑
n=1
∗
qhnξn[n]−sws−1(n)χ(n)(
1
α
− 1
h+ 1
+
h
α
·
[nα]N
lpN
)
The equation (26) with h = s− 1 implies that
L
(s−1)
p,q,ξ,α(s, χ) =
∞∑
n=1
∗
q(s−1)nξn[n]−sws−1(n)χ(n)(
1
α
− 1
s
+
s− 1
α
·
[nα]N
lpN
). (27)
Finally for each positive integerm, we can construct a q-analogue of the p-adic twisted L-function which
interpolate a generalized q-Bernoulli number.
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Theorem 7. For each m ∈ N and α ∈ X∗, α 6= 1, we have
L
(h)
p,q,ξ(1−m,χ) = −
1
m
(1− χpm)(1−
1
α
χ
1
α
m)w
−mβ
(h)
m,ξ,χ(q). (28)
Proof. For each s ∈ Zp, by using (21), we have
L
(h)
p,q,ξ,α(s, χ)
=
1
1− s
∫
X∗
((h+ 1− s)q(h+1)x − hqhx)ξx < x >−s χ1(x)dµ
(h)
Mazur,1,α(x)
=
1
1− s
∫
X∗
χ1−s(x)dµ1−s;q,α,ξ(x)
=
1
1− s
(1− χp1−s)(1−
1
α
χ
1
α
1−s)β
(h)
n,ξ,χ(q).
Thus
L
(h)
p,q,ξ(1−m,χ)
=
1
m
(1− χpm)(1−
1
α
χ
1
α
m)β
(h)
n,ξ,χ(q).
Remark. In [5], Kim constructed the h-extension of p-adic q-L-functions. And the question to
inquire the existence of the twisted p-adic q-L-functions was remained in [3]. This is still open. By
means of the method provided by Kim in [5], we constructed the twisted p-adic q-L-function to be a
part of an answer for the question which was remained in [3].
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